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In this paper, we first revisit the celebrated Boussinesq approximation in stratified
flows. Using scaling arguments we show that when the background shear is weak, the
Boussinesq approximation yields either (i) At  O(1) or (ii) Fr2c  O(1), where At
is the ratio of density variation to the mean density and Frc is the ratio of the phase
speed to the long wave speed. The second clause implies, contrary to the commonly
accepted notion, that a flow with large density variations can also be Boussinesq.
Indeed, we show that deep water surface gravity waves are Boussinesq while shal-
low water surface gravity waves arent. However, in the presence of moderate/strong
shear, Boussinesq approximation implies the conventionally accepted At  O(1). To
understand the inertial effects of density variation, our second objective is to explore
various non-Boussinesq shear flows and study different kinds of stably propagating
waves that can be present at an interface between two fluids of different background
densities and vorticities. Furthermore, three kinds of density interfaces – neutral, sta-
ble and unstable – embedded in a background shear layer, are investigated. Instabil-
ities ensuing from these configurations, which includes Kelvin-Helmholtz, Holmboe,
Rayleigh-Taylor and triangular-jet, are studied in terms of resonant wave interac-
tions. The effects of density stratification and the shear on the stability of each of
these flow configurations are explored. Some of the results, e.g. the destabilizing role
of density stratification, stabilizing role of shear, etc. are apparently counter-intuitive,
but physical explanations are possible if the instabilities are interpreted from wave
interactions perspective.
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I. INTRODUCTION
Hydrodynamic instabilities occurring in parallel flows have numerous industrial and envi-
ronmental applications, and have therefore been comprehensively investigated in the past1,2.
Parallel flows are often produced when two streams of different velocities and densities flow
side by side. For example in fuel injection systems, a fast stream of gas flows over a slow
stream of liquid (fuel), making the liquid–gas interface prone to shear instabilities3,4. Here
density stratification plays a crucial role in the instability dynamics, however gravity does
not. Such parallel flow configurations and ensuing instabilities are not restricted to indus-
trial two-phase flows, and are also observed in systems that are fundamentally different,
such as coronal mass ejections5,6, magnetosphere–solar-wind interactions7, among several
other applications. In a variety of flows occurring in the geophysical context (especially in
oceans, lakes, estuaries), density variation is often found to be small. This small density
variation has an insignificant effect on the inertial acceleration of the fluid parcels, but has a
non-trivial effect on the buoyancy force (meaning, gravity does play a major role here). This
led to the famous Boussinesq approximation8, which allows, for example, to successfully cap-
ture internal gravity waves without dealing with other complexities associated with density
variations in the governing Navier–Stokes equations. Since the Boussinesq approximation is
widely used in density stratified flows, by density variation we often inadvertently presume
buoyancy variation. Boussinesq approximation is often interpreted as a technique that filters
out the fast (sound) waves arising from compressibility effects (large density variations be-
cause of pressure), but keeps slower waves that exist in an incompressible flow due to small
density variations (e.g., density variations in water because of salinity or temperature)9. As
mentioned previously, many multi-phase systems are incompressible flows having fluids of
different densities (not necessarily small) flowing side by side, e.g. air-sea interface10, fuel
injectors3,4, displacement flows11,12. Finite density variations in the same fluid due to a
stratifying agent (like temperature) is also possible, e.g. atmospheric flows. In this paper,
any incompressible, density stratified flow in which density stratification has a non-trivial
effect on the inertial acceleration will be termed non-Boussinesq. In such flows, Boussinesq
approximation can be an over-simplification since it not only filters out the sound waves, it
also eliminates all kinds of non-Boussinesq waves from the system.
The primary objective of this paper is to fundamentally understand the importance of
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density variation in the inertial terms, especially in the presence of background shear. Since
the vorticity evolution equation fundamentally governs the density (and the buoyancy) strat-
ified shear flows, we revisit this equation to identify the role of each vorticity generating term,
especially when the Boussinesq approximation is not imposed a-priori. This, we believe, can
underpin the actual meaning of the Boussinesq approximation, and its true implications.
The interplay/competition between shear and buoyancy drives the ensuing instabilities
in Boussinesq shear flows, and a physical understanding of this can be obtained by studying
the interaction between the waves present at the vorticity and buoyancy interfaces13–20. The
wave interaction perspective not only provides a mechanistic understanding of the existing
shear instabilities, often it allows one to make a-priori judgments regarding the likelihood
of a given stratified shear flow set-up to become unstable, and if so, which waves (effects)
would play dominant roles; see for example Shete and Guha 10 . A wave present at a vorticity
interface is called a “vorticity wave”, while those present at a buoyancy interface are called
“interfacial gravity waves”. While the interfacial waves present in Boussinesq shear flows are
well studied, those in non-Boussinesq shear flows, are a recent development. There is a good
possibility for these waves to interact between themselves, or with other wave(s) existing
in the system, to yield different kinds of non-Boussinesq shear instabilities. In this paper,
we study the non-Boussinesq versions of Kelvin-Helmholtz instability, Holmboe instability,
Rayleigh-Taylor instability as well as the instability of a triangular jet21 and interpreted
each of them in terms of wave interactions.
The paper is organized as follows. In Sec. II we scrutinize the vorticity evolution equa-
tion in order to understand the meaning as well as the validity of the celebrated Boussinesq
approximation. Contrary to the common notion, we show that the Boussinesq approxima-
tion can be valid even when the density stratification is large. Next we focus on a single
interface between two fluids1,9 of different background densities and vorticities to obtain the
most general dispersion relation of linear interfacial waves in order to obtain the growth
rate of instabilities and phase speed of stable waves. Possibility of the existence of non-
Boussinesq waves and their generation mechanisms are discussed. In Sec. III, we consider
a neutrally stratified flow (no gravity) configuration - a triangular jet of constant density
flowing through a quiescent medium of a different (constant) density. The instability mech-
anism is understood in terms of lesser known non-Boussinesq interfacial waves. In Sec. IV,
we study non-Boussinesq Kelvin-Helmholtz instability for neutral stratification and non-
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Boussinesq Holmboe instability for stable stratification. In Sec. V, the effect of shear on
unstably stratified density interface is studied (which is basically Rayleigh-Taylor instability
in a shear layer). The paper is summarized and concluded in Sec. VI.
II. GOVERNING EQUATIONS
The governing incompressible continuity and (inviscid) Navier-Stokes equations of a den-
sity stratified fluid are given below:
∇ · u = 0, Dρ
Dt
= 0, (2.1a,b)
Du
Dt
= −gkˆ− 1
ρ
∇p. (2.1c)
Here D/Dt ≡ ∂/∂t+ u · ∇ is the material derivative, and u, ρ, p and g respectively denote
velocity, density, pressure and acceleration due to gravity. kˆ is a unit vector pointing in a
direction opposite to gravity . The vorticity equation is obtained by taking curl of Eq. (2.1c)
and using Eq. (2.1a,b):
Dq
Dt
= (q · ∇)u︸ ︷︷ ︸
Stretching
+
1
ρ2
∇ρ×∇p︸ ︷︷ ︸
Baroclinic
, (2.2)
where q ≡ ∇× u is the vorticity. The first term on the RHS is the vortex stretching term
that would be absent in 2D flows. The second term denotes the baroclinic generation of
vorticity i.e. vorticity generated when the isopycnals and isobars are not parallel. In general,
this term can be divided into two parts - “gravitational” and “non-Boussinesq”.
We consider a 2D flow u = (u, w) in the x− z plane, and assume a base state that varies
only along z: u¯ = u¯(z), w¯ = 0, q¯(z) = du¯/dz, p¯ = p¯(z) and ρ¯ = ρ¯(z). The base state follows
hydrostatic pressure balance dp¯/dz = −ρ¯g. We add perturbations to the base flow and
the governing equations are linearized. This produces the perturbation vorticity evolution
equation
D¯q
D¯t
= −wdq¯
dz︸ ︷︷ ︸
T1 ≡Barotropic
+
g
ρ¯
∂ρ
∂x︸︷︷︸
T2 ≡Gravitational baroclinic
+
1
ρ¯2
(dρ¯
dz
∂p
∂x
)
︸ ︷︷ ︸
T3 ≡Non-Boussinesq baroclinic
, (2.3)
where D¯/D¯t ≡ ∂/∂t+ u¯ ∂/∂x denotes the linearized material derivative, and the quantities
with no overbars are the perturbation quantities (we note here that ‘total variables’ in Eq.
(2.1a,b)–(2.2) have also been referred to as quantities with no overbars). Eq. (2.3) shows
4
that vorticity can be generated from three sources:
(i) T1 ≡ −wdq¯/dz: This term denotes the barotropic generation of vorticity, i.e. vorticity
generated due to gradients in background vorticity. For example, if we are considering ro-
tating flows in the β-plane, then dq¯/dz basically becomes the planetary vorticity gradient
β.
(ii) T2 ≡ (g/ρ¯)∂ρ/∂x: This term denotes the “gravitational baroclinic torque”, and is re-
sponsible for the propagation of interfacial gravity waves at the pycnocline. In fact, it is the
only baroclinic generation term present when the Boussinesq approximation is invoked. We
also note here that because of this term, density variation often becomes synonymous with
buoyancy variation. In absence of gravity, this term would vanish identically.
(iii) T3 ≡ (1/ρ¯2)(dρ¯/dz)(∂p/∂x): This term, which denotes the “non-Boussinesq baroclinic
generation of vorticity”, arises out of the density variations in the inertial terms, and is
completely independent of the gravitational effects. This term vanishes if Boussinesq ap-
proximation (which, in a simplified sense, implies ρ¯ ≈ const. in Eq. (2.3)) is invoked.
A. Boussinesq approximation in shear flows and its validity
The validity of the Boussinesq approximation in shear flows stems from Eq. (2.3) – it
implies that the non-Boussinesq baroclinic term T3 is negligible in comparison to either the
barotropic term T1 or the gravitational baroclinic term T2, i.e.,
O
(
−wdq¯
dz
)
︸ ︷︷ ︸
T1
 O
(
1
ρ¯2
dρ¯
dz
∂p
∂x
)
︸ ︷︷ ︸
T3
or O
(
g
ρ¯
∂ρ
∂x
)
︸ ︷︷ ︸
T2
 O
(
1
ρ¯2
dρ¯
dz
∂p
∂x
)
︸ ︷︷ ︸
T3
. (2.4)
To make sense of the above conditions, especially to cast them in terms of the non-
dimensional numbers, we use the linearized versions of Eq. (2.1a,b) and the x-component of
Eq. (2.1c), keeping in mind that quantities without overbars are perturbation quantities:
∂u
∂x
+
∂w
∂z
= 0,
D¯ρ
D¯t
≡ ∂ρ
∂t
+ u¯
∂ρ
∂x
= −wdρ¯
dz
, (2.5a,b)
D¯u
D¯t
+ wq¯ ≡ ∂u
∂t
+ u¯
∂u
∂x
+ wq¯ = −1
ρ¯
∂p
∂x
. (2.5c)
Let L ≡ horizontal length scale, ∆U ≡ shear velocity scale, W ≡ vertical velocity scale,
H ≡ shear length scale, χ ≡ length scale for the variation of ρ¯, ∆ρ ≡ scale denoting variation
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of ρ¯, ρ∗ ≡ scale denoting perturbation density, ∆P ≡ pressure scale, and ρ0 ≡ reference
density. We take 1/ω as the timescale, where ω is a characteristic gravity wave frequency.
Scaling analysis of Eq. (2.5a) yields
W ∼ ∆UH
L
,
while that of Eq. (2.5b) yields
max
[
O (ρ∗ω) ,O
(
ρ∗∆U
L
)]
= O
(
∆U∆ρH
χL
)
.
Similarly, scaling analysis of Eq. (2.5c) shows
max
[
O (∆Uω) ,O
(
∆U2
L
)]
= O
(
∆P
ρ0L
)
.
We define a few non-dimensional variables: (i) Atwood number, At ≡ ∆ρ/(2ρ0), (ii) shear
Froude number, Fr ≡ ∆U/√gH, and (iii) a non-conventional Froude number based on the
ratio of the phase speed c to the long wave speed, Frc ≡ c/
√
gH, where c = Lω.
1. Boussinesq approximation in moderate/strongly sheared flows: Fr & O(1)
When shear is moderate or large, we have
∆U
L
& ω =⇒ Fr & Frc.
In this situation, the convective term of the material derivatives in Eq. (2.5b)-Eq. (2.5c)
provide the dominant balance. Hence
ρ∗ ∼ ∆ρH
χ
and ∆P ∼ ρ0∆U2.
Thus we obtain
T1 = O
(
∆U2
HL
)
, T2 = O
(
g∆ρH
ρ0χL
)
, and T3 = O
(
∆ρ∆U2
ρ0χL
)
.
Therefore, Boussinesq approximation in moderate to strongly sheared flows imply
either
T3
T1
= O
(
At
H
χ
)
 O(1) =⇒ At  O
( χ
H
)
, (2.6)
or
T3
T2
∼ Fr2  O(1), (2.7)
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The ratio between base density thickness and base shear thickness, χ/H, will depend on
the stratified shear flow situation one is interested in. These thicknesses can be determined
by the diffusivities of the corresponding agents: H is determined by the velocity scale and
the diffusion of momentum (coefficient of viscosity), while χ in oceans is determined by the
velocity scale and the diffusion of heat or salt. It is imperative to understand here that the
base flow can be viscous and diffusive, however the instability is inviscid and non-diffusive.
Smyth, Klaassen, and Peltier 22 have shown that
χ
H
≈ Pr−1/2,
where Pr is the Prandtl number. Typical values of Pr in geophysical flows are23 – (a)
Pr ∼ 1 for atmosphere (thermal stratification) (b) Pr ∼ 9 for lakes (thermal stratification),
(c) Pr ∼ 700 for oceans (salt stratification). Hence, at least in geophysical context, this
implies
χ
H
≤ 1,
and hence, the Boussinesq approximation here can be expressed as follows:
either At  O (1) or Fr2  O(1).
Since we have a-priori assumed Fr & O(1) for moderate/large stratification, that is, the
shear is not small, the condition Fr2  O(1) is inconsistent with our assumption. Therefore,
for moderate to strongly sheared flows, we have
At  O(1). (2.8)
Thus “small density variations” is the only condition for the validity of the Boussinesq
approximation in density stratified flows where shear is significant. This finding is along the
lines of the existing understanding of “Boussinesqness”, see Turner 8 , Sutherland 9 , Spiegel
and Veronis 24 .
2. Boussinesq approximation when the shear is weak: Fr  O(1)
When shear is weak, the timescale is determined by the gravity wave’s timeperiod:
∆U
L
 ω =⇒ Fr  Frc.
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In this situation, the temporal term of the material derivatives in Eq. (2.5b)-Eq. (2.5c)
provide the dominant balance. Scaling analysis yields
T1 = O
(
∆U2
HL
)
, T2 = O
(
g∆ρ∆UH
ρ0ωχL2
)
, and T3 = O
(
∆ρ∆Uω
ρ0χ
)
.
As noted previously, we will again assume
χ
H
≤ 1,
Therefore, Boussinesq approximation in the presence of weak shear implies
either T3  T1 =⇒ AtFrc  Fr, (2.9)
or T3  T2 =⇒ Fr2c  O(1). (2.10)
Since Fr  Frc, that is, the shear is negligible, the condition AtFrc  Fr will require
At  O(1). Therefore, when shear is weak, we will have
either At  O (1) or Fr2c  O(1) (2.11)
as the valid conditions for the Boussinesq approximation. The second clause of Eq. (2.11)
reveals a remarkable fact – the Boussinesq approximation may be valid even when At =
O(1), provided the background shear is weak enough. Situation like this can arise at the
air-sea interface. Hence our finding Eq. (2.11) has broadened the classical definition of
“Boussinesqness”, conventionally given by Eq. (2.8) or the first clause of Eq. (2.11).
3. Are surface gravity waves Boussinesq or non-Boussinesq?
In order to rationalize Eq. (2.11), we consider the case of interfacial gravity waves (existing
between two fluids of different densities ρ1 and ρ2) in the absence of background shear,
making Fr  Frc a valid approximation (note that the scaling analysis will involve H,
which is now the fluid depth, and not the shear thickness since shear is absent here). The
phase speed of an intermediate depth Boussinesq interfacial gravity wave is
cB = ±
√
Atg
k
[
1− exp(−2kH)
]
, (2.12)
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while the same without making the Boussinesq approximation is
cNB = ±
√
Atg
k
[ 1− exp(−2kH)
1 + At exp(−2kH)
]
. (2.13)
The above expressions Eq. (2.12) and Eq. (2.13) in a different structure are given in Suther-
land 9 (Eq. (2.93) and Eq. (2.92) of the book). Here k denotes wavenumber, At ≡ (ρ2 −
ρ1)/(ρ2 + ρ1) is the Atwood number, where ρ1 and ρ2 are respectively the densities of the
lighter and the heavier fluids, and H denotes the depth of the heavier fluid (on top of the
heavier fluid rests the infinitely deep lighter fluid). It is straight-forward to verify that Eq.
(2.12) is the Boussinesq version of Eq. (2.13), the former can be obtained by simply substi-
tuting At → 0 (when not multiplied with g) in the latter. Taking the ratio of the above two
phase speeds, we obtain
cNB
cB
=
1√
1 + At exp(−2kH)
. (2.14)
Here we observe that if At → 0, then cNB → cB, i.e. the Boussinesq approximation is valid,
as expected (first clause of Eq. (2.11)). However, the Boussinesq approximation is still valid
if kH →∞ (the deep water limit), independent of the value of At. Hence deep water waves
are Boussinesq even when At = 1, i.e. Boussinesq approximation is valid for deep water
surface gravity waves existing at the air-water interface.
Indeed, the second clause of Eq. (2.11) confirms the observations made from Eq. (2.14).
To see this, we first write the second clause of Eq. (2.14) as
c O(
√
gH),
where c denotes the phase speed of the wave, and substitute c = cB. It shows the Boussinesq
approximation to be valid for all wavelengths (long or short), as expected. When c = cNB,
the Boussinesq approximation is found to be valid in the deep water limit (short waves),
irrespective of At. We note here that for shallow water surface gravity waves, Eq. (2.13)
yields c = cNB = ±
√
gH, implying that the Boussinesq approximation is no longer valid.
Equation (2.14) again validates this claim; for shallow water we have kH  1, implying
cNB
cB
≈ 1√
1 + At
+O(kH),
that is, cNB 9 cB due to the explicit dependence on At.
We add here that Prof. Eyal Heifetz (Tel-Aviv University) has also obtained a similar
conclusion by treating surface waves as vortex sheets and using the method of image vortices
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to take the presence of bottom boundary into account for shallow water surface waves
(personal communication).
B. Non-Boussinesq vorticity gravity waves
Let us consider a material interface z = η(x, t) of infinitesimal amplitude, which separates
two fluids of different base state properties. The interface satisfies kinematic boundary
condition, which under linearized assumption yields D¯η/D¯t = w. This relation, along with
the linearized version of Eq. (2.1a,b) produces the following relation for perturbation density:
ρ = −ηdρ¯/dz. Using these relations, the linearized perturbation vorticity equation Eq. (2.3)
for an interface becomes25
D¯q
D¯t
= −wdq¯
dz
− g
ρ¯
dρ¯
dz
∂η
∂x
+
1
ρ¯2
dρ¯
dz
∂p
∂x
. (2.15)
Next we consider a specific case of layerwise constant base state density and vorticity as
shown in Fig. 1:
ρ¯(z) =
 ρ1 0 < zρ2 z < 0 q¯(z) =
 Q1 0 < zQ2 z < 0. (2.16)
This implies that both dq¯/dz and dρ¯/dz are delta functions – zero everywhere except at
z = 0. Therefore, from (2.15) we deduce that perturbation vorticity generation takes place
only at the interface and the perturbed flow in the bulk is still irrotational (provided, the
initial disturbances are also irrotational, which is the case here). Hence we can introduce
velocity potentials (φ1, φ2) separately in the two regions and write the continuity equation
∇2φ1 = 0 z > 0 ; ∇2φ2 = 0 z < 0. (2.17)
The linearized kinematic boundary conditions just above and below the interface, taking
U = 0 at the interface, can be written as
∂η
∂t
=
∂φ1
∂z
∣∣∣∣
z=0
;
∂η
∂t
=
∂φ2
∂z
∣∣∣∣
z=0
. (2.18)
The linearized dynamic boundary condition in the presence of piecewise background shear
(see Appendix A for derivation) yields
ρ1
[
∂φ1
∂t
−Q1ψ + gη
]
z=0
= ρ2
[
∂φ2
∂t
−Q2ψ + gη
]
z=0
, (2.19)
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g
u¯(z)
z=0
z=η(x, t)ρ1
ρ2
FIG. 1: An interface between two fluids of different background density and vorticity in
the presence of gravity.
where ψ is the perturbation streamfunction such that u = ∂ψ/∂z and w = −∂ψ/∂x. A
similar but special case of the above equation, which considered the effect of a constant
shear for a free surface gravity wave (air considered as a passive fluid of zero density) in
a steady frame, was derived by Fenton 26 and subsequently used by Kishida and Sobey 27 .
Using normal mode perturbations for φ1 and φ2 in Eq. (2.17), and applying the evanescent
condition along with the kinematic boundary condition, we get
φ1 = <{A exp (−kz) exp (i(kx− ωt))} ; φ2 = <{−A exp (kz) exp (i(kx− ωt))}, (2.20)
where ω is the complex frequency and k is the wavenumber. The streamfunctions (ψ1, ψ2)
can be recovered using the respective velocity potentials (φ1, φ2). Substituting the normal
modes for velocity potentials, stream functions and surface elevation in Eq. (2.18) and using
Eq. (2.19), we obtain the dispersion relation for a non-Boussinesq vorticity gravity wave:
ω =
ρ1Q1 − ρ2Q2
2(ρ1 + ρ2)
±
√{
ρ2Q2 − ρ1Q1
2(ρ2 + ρ1)
}2
+ gk
(
ρ2 − ρ1
ρ2 + ρ1
)
. (2.21)
A very similar form of the above equation, which included self-gravity term as well, was
obtained in the cylindrical coordinate system for proto-stellar accretion disks by Yellin-
Bergovoy, Heifetz, and Umurhan 28 . In the absence of gravity, the above equation will
produce a “vorticity–density wave” (which becomes a pure vorticity wave when ρ1 = ρ2):
ω =
ρ1Q1 − ρ2Q2
ρ1 + ρ2
. (2.22)
Equation (2.21), under the Boussinesq approximation, produces the dispersion relation for
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vorticity gravity waves (also given in Harnik et al. 29):
ω = −∆Q
4
±
√(
∆Q
4
)2
+ Atgk, (2.23)
where ∆Q ≡ Q2 −Q1 is the jump in background shear and At ≡ (ρ2 − ρ1)/(ρ2 + ρ1) is the
Atwood number. Pure vorticity wave can be obtained if Atg = 0, and pure interfacial gravity
waves propagating in opposite directions can be obtained if ∆Q = 0. The special case of
At = 1 gives the well known dispersion relation for deep water surface gravity waves. This
fact echoes the inference drawn in Sec. II A 3 – the Boussinesq approximation is applicable
for deep water surface waves.
Unlike the Boussinesq version Eq. (2.23), the non-Boussinesq dispersion relation Eq.
(2.21) shows that shear too, along with gravity, is affected by the variations in density. This
non-Boussinesq effect is prominent at higher values of Atwood number or at higher shear
values. The special case of uniform shear (i.e. Q1 = Q2 = Q) yields
ω = −AtQ
2
±
√(
AtQ
2
)2
+ Atgk. (2.24)
We refer to such waves as “shear–gravity waves”. Furthermore, we note here that the non-
trivial effect of constant shear is not revealed under Boussinesq approximation since the
latter only reflects jump in shear, see Eq. (2.23). Moreover, in situations where the effect of
gravity is zero or negligible (e.g. flow in the horizontal plane), we will still obtain a neutrally
propagating wave satisfying the dispersion relation
ω = −AtQ. (2.25)
Hence the conventional notion that an interface can only support interfacial waves when
there is a jump in buoyancy and/or vorticity across the interface is incomplete. The above
equation clearly demonstrates that constant shear across an interface between two fluids of
different densities, even in the absence of gravity, can support traveling waves. We refer
to such a wave “shear–density wave”. Similar wave has also been obtained by Behzad
and Ashgriz 4 (they refer to it as “density wave”) as well as Yellin-Bergovoy, Heifetz, and
Umurhan 28 (they have obtained the cylindrical coordinate version, which is more relevant
for accretion disks). We intend to understand the generation mechanism of shear–density
waves, which is not yet properly understood. To this effect we combine Eq. (2.5c) with Eq.
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(2.15) to obtain
D¯q
D¯t
= −1
ρ¯
d(ρ¯q¯)
dz
w − 1
ρ¯
d(ρ¯g)
dz
∂η
∂x
− 1
ρ¯
dρ¯
dz
D¯u
D¯t
. (2.26)
In the deep water limit, the third term in the RHS is negligible. The second term in the
RHS signifies the “gravitational baroclinic torque”. Under the Boussinesq approximation
the first term on the RHS, which is a combination of both barotropic and non-Boussinesq
baroclinic torques, becomes zero if the shear q¯ is constant. Just like g in the second term,
a constant q¯ in the first term can still generate vorticity. Constant q¯ implies that the first
term is proportional to q¯dρ¯/dz, which leads to the generation of shear–density wave in Eq.
(2.25). It is straightforward to conclude that both q¯ and dρ¯/dz have to be non-negligible
for this wave to exist. We also infer that it is the variation in the combination ρ¯q¯ (and not
merely a variation in q¯) that causes the waves to propagate, which is evident both from
(2.26) and from the dispersion relation (2.21); variation in ρ¯q¯ is a necessary and sufficient
condition for the existence of ‘non-gravity’ waves in stratified shear flows.
III. NEUTRAL STRATIFICATION - INSTABILITY OF A JET
PENETRATING INTO A QUIESCENT FLUID OF A DIFFERENT
DENSITY
Here we study non-Boussinesq instabilities in a particular flow problem of practical rele-
vance. The objective here is to highlight the effect of density stratification in shear instabili-
ties, as opposed to buoyancy stratification, which is commonly studied. The model problem
chosen here is that of a triangular fluid jet of density ρ2 penetrating through an ambient
fluid (at rest) of density ρ1. The density and velocity profiles are given as
ρ¯(z) =

ρ1 H < z
ρ2 −H < z < H
ρ1 z < −H
u¯(z) =

0 H < z
U(1− |z|/H) −H < z < H
0 z < −H.
(3.27)
The flow occurs in the horizontal plane, implying the flow is neutrally stratified, i.e. g = 0.
The same situation can be obtained even in the presence of g, provided the shear Froude
number (Fr ≡ U/√gH) is very high (hereafter, we refer to shear Froude number simply
as Froude number). The system has vorticity–density interfaces at z = ±H (each inter-
face supporting a vorticity–density wave) and one vorticity interface at z = 0 (supporting
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FIG. 2: Schematic of the triangular jet flow.
a vorticity wave); see Fig. 2. As is now well established, interfacial waves can resonantly
interact amongst themselves leading to normal mode instabilities19,20 if they form a counter-
propagating configuration30. Hence we can expect that these waves - two vorticity–density
waves can interact with the counter-propagating vorticity wave to yield normal mode insta-
bility.
The unstratified version of Eq. (3.27), given in Drazin 21 and Carpenter et al. 31 , reveals
that only the wavenumbers (kH) less than 1.83 are unstable. Using the procedure outlined
in Sec. II, we obtain the following dispersion relation in terms of non-dimensional frequency
ω˜ ≡ ω/(U/H) and wavenumber α ≡ kH :(
ω˜ +
1
R + tanhα
)(
ω˜2 +
αR + α tanhα−R tanhα
R + tanhα
ω˜ +
α− tanhα
R + tanhα
)
= 0, (3.28)
where R ≡ ρ1/ρ2 is the density ratio, and is related to the Atwood number by
R =
1− At
1 + At
.
It can be seen that one of the three roots is always real while the other two can be either
real or complex conjugates depending on the values of R and α. The region of instability is
given by
R <
−α tanhα + 2 + 2 sechα
α− tanhα . (3.29)
When At = 0 (homogeneous case), the maximum growth rate is γmax = 0.2470 (occurs at
αmax = 1.2258) and the cutoff wavenumber is αcut ≈ 1.833, both confirming the results in
Drazin 21 . Fig. 3 shows that as the density of the middle layer increases with respect to the
surrounding, the growth rate as well as the cutoff wavenumber also increases. For At → 1,
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FIG. 3: At − α plot showing growth rate contours for the triangular jet flow.
maximum growth rate of 0.3098 is obtained at αmax = 1.6063, which is significantly higher
than the homogeneous growth rate. This is also the maximum growth rate in the At − α
parameter space. The cut-off wavenumber for At → 1 is αcut = 2.399, whereas for At → −1,
the cutoff wavenumber approaches zero.
IV. INSTABILITIES OF A SHEAR LAYER WITH STABLY/NEUTRALLY
STRATIFIED DENSITY INTERFACE
The objective of this section is to understand shear instabilities occurring in non-
Boussinesq shear layers. We consider the classic Holmboe configuration (Fig. 4(a)) with
and without gravity. As previously mentioned, the situation of zero gravity can also be
interpreted as a situation with a very high Froude number. For the case of non-zero gravity,
we will restrict ourselves to the case of a stable density stratification. We note that when
g = 0, the familiar concepts of static stability (lighter fluid on the top of heavier fluid) and
static instability (heavier fluid on the top of lighter fluid) make little sense. The effect of
density stratification is kinematic instead of dynamic – on flipping the density stratification
about z = 0, the interfacial wave travels in the opposite direction. Hence, without a loss of
generality we will assume At > 0. Firstly, we will study the case of heterogeneous Kelvin-
Helmholtz instability (KHI) in zero gravity, and then non-Boussinesq Holmboe instability
in the presence of gravity.
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FIG. 4: (a) Shear layer of finite thickness with a density interface. (b) Shear layer of
infinitesimal thickness – the limiting condition of (a).
A. Neutral stratification - Kelvin-Helmholtz instability with a density
interface
A homogeneous Kelvin-Helmholtz instability (KHI) or an instability of an unbounded
vortex sheet21, in the absence of gravity, is a well studied phenomenon in fluid dynamics.
This instability is understood to be a limiting case of instability of an unbounded shear layer
(Fig. 4(a)), when the thickness of shear layer tends to zero (Fig. 4(b)). Although the KHI
set-up in Fig. 4(a) is of mathematical relevance in itself, it can also be observed in absence
of gravity in various types of flows, e.g. Behzad and Ashgriz 4 , Ofman and Thompson 6 . In
terms of resonant wave interaction, this instability (both for homogeneous and Boussinesq
cases) is explained in terms of two mutually interacting vorticity waves31. The instability of
the heterogeneous unbounded vortex sheet in the absence of gravity (or for very high shear)
has also been studied (Fig. 4(b)), the dispersion relation of which can be written as21:
ω = −kAtU ± i
√
(1− A2t )(kU)2, (4.30)
where the top (bottom) layer velocity is U (−U). It is evident from (4.30) that as the
density difference (characterized by At ≡ (ρ2 − ρ1)/(ρ2 + ρ1)) increases between the two
layers, the growth rate
√
(1− A2t )(Uk)2 diminishes and the flow becomes stabilized. In the
case of a homogeneous flow, there exists only two vorticity waves; however, in the case of a
heterogeneous flow (two-layered flow to be specific), the system undergoes substantial change
due to the presence of a shear–density wave on the density interface, which may significantly
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alter the dynamics of the system. The dispersion relation Eq. (2.25) shows that if both At
and shear are positive, we will get a negatively propagating shear density wave, represented
by SD− in Fig. 4(a). We note here that if At < 0, then the wave will be SD+ instead of SD−,
which does not change the dynamics of the problem in the absence of gravity. A necessary
criteria for instability based on wave interaction theory is that the involved neutral waves,
when taken separately, should be propagating in the opposite directions relative to each
other. From Fig. 4(a), it is evident that there can be two possible pairs of such interactions
- (i) between the vorticity waves V+ and V− (i.e. the Rayleigh mode instability), and
(ii) between the vorticity wave V+ and the shear–density wave SD−. The other necessary
criteria for instability i.e., the local mean flow is opposite to the direction of the phase speed
for each wave, is also satisfied by both the pairs. Therefore for the heterogeneous case, we
will obtain two different types of interactions. This is quite different from the homogeneous
case, in which only the Rayleigh mode instability is obtained. The dispersion relation for
the heterogeneous instability is given by
ω˜3 + C2ω˜
2 + C1ω˜ + C0 = 0. (4.31)
Here ω˜ ≡ ω/(U/H) and
C2 = 2At tanhα(tanhα + 1)
−1; C1 = [α− α2 − tanhα(tanhα + 1)−2];
C0 = −At[α− tanhα(tanhα + 1)−1]2;
where α ≡ kH. Using the dispersion relation, we plot the growth rate contours in At − α
plane (Fig. 5(a)). From the growth rate plot we see that for At = 0, all wavenumbers
lesser than 0.64 are unstable, which is expected for the homogeneous KHI1. The dominant
interaction here is known to be between the two vorticity waves. However, as At keeps on
increasing, more and more wavenumbers get destabilized. This observation is a hint that
for higher At, the instability might be dominated by the interaction between V+ and SD−.
In order to conclusively study this interaction, we eliminate the wave V− by assuming a
uniform shear for z > 0, and then draw the growth rate contours (note we are left with
only two waves – SD− and V+). The growth rate contours (Fig. 5(b)) show that there is a
substantial difference for lower values of At. However as At increases, the differences between
the two cases (i.e. with and without V−) become negligible. Furthermore, for every At, we
find the maximum growth rate γmax and the corresponding wavenumber kmax (for each of
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FIG. 5: At − α plot showing growth rate contours when (a) all three waves are present in
the system, and (b) wave V− (i.e. interface at z = H) is removed.
0 0.2 0.4 0.6 0.8 1
At
0
0.1
0.2
0.3
γ
m
a
x
With V−
Without V−
(a)
0 0.2 0.4 0.6 0.8 1
0
0.3
0.6
0.9
1.2
1.5
k
m
a
x
At
With V−
Without V−
(b)
FIG. 6: Plot between (a) maximum growth rate (γmax) and (b) wavenumber of maximum
growth (kmax) versus Atwood number (At).
these two cases) and respectively plot them in Fig. 6(a) and Fig. 6(b). Again, in doing so,
we notice that the curves for γmax for both these cases nearly overlap for At & 0.5. This
analysis conclusively shows that the dominant interaction in KHI with a density interface
for lower values of At in the absence of gravity is between the two vorticity waves. However
for higher values of At, the instability is mainly governed by resonant interaction between
the shear density wave and the vorticity wave existing in the denser fluid. Our conclusions
are in qualitative agreement with that of Behzad and Ashgriz 4 .
Unlike the case of instability of a vortex sheet, where At had a stabilizing effect, the
behavior of growth rate in an unbounded shear layer no longer remains monotonic. For
lower Atwood numbers, where the instability is dominated by an interaction between V−
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and V+, it increases with increasing At whereas for higher At, γmax decreases with At.
Only in the limiting case of infinitesimally small shear layer thickness (i.e. H → 0), the
dispersion relation (4.31) approaches that of a vortex sheet (4.30), and At has a stabilizing
role. It might also be noted that for a finite shear layer the maximum growth rate γmax for
a particular At is the maximum of growth rates over all values of kH. We would also like
to point out that when we are in the limit of H → 0, we have coalesced the three interfaces
into only a single interface. Initially, we had three waves in the system (two vorticity and
one shear density) but in the limit of H → 0 we will only have two waves which cannot be
called purely a vorticity wave or a shear density wave.
B. Stable stratification - the Non–Boussinesq Holmboe instability
Holmboe instability is usually understood in terms of interaction between an interfacial
(Boussinesq) gravity wave and a vorticity wave, locking in phase and giving rise to expo-
nential growth15,19. The non–Boussinesq Holmboe instability was studied by Umurhan and
Heifetz 32 and later by Barros and Choi 33 . The work of Umurhan and Heifetz 32 is more
relevant to this paper since they explained the non-Boussinesq effects by including the baro-
clinic term T3 (of Eq. (2.3)). It was also concluded that the inclusion of the non-Boussinesq
term breaks the symmetry of the Holmboe modes, which are otherwise symmetric in the
Boussinesq case. This is because in the Boussinesq case, the effect of a constant shear at
the interface z = 0 will not be felt by the gravity waves, and both the gravity waves on the
buoyancy interface will have the same frequency. However, including the non-Boussinesq
term will differentiate between the two ‘gravity’ waves at the interface, as is evident from
(2.24). The leftward moving gravity wave will be sped up while the rightward moving one
would be slowed down. Furthermore, under the Boussinesq approximation, At and Fr are
often consolidated into a single parameter, the Richardson number: J ≡ At/Fr2. This
makes sense from our result Eq. (2.8) – At can be held constant (at a small value) while
Fr can be varied. Such consolidation is not useful for non-Boussinesq flows. For example,
At = 0.001 and Fr = 0.2 will yield J = 0.025, but At = 0.1 and Fr = 2 will also yield
the same J . The first case falls within the Boussinesq limit, while the second case does
not, basically implying that the use of J as a parameter for a non-Boussinesq flow does not
offer any simplification. Hence we will treat At and Fr as two distinct parameters of our
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FIG. 7: Schematic of the Holmboe configuration. The figure is similar to the Fig. 4(a)
but with gravity present.
problem.
In the Holmboe configuration, each interface can support one or more waves (marked
in Fig. 7), which implies that the waves present at different interfaces can interact among
themselves and lead to instability20. Waves V+ (rightward) and V− (leftward) are the
vorticity waves (Rossby edge waves if the reference frame is rotating) and their physics is
well known20,31. In the Boussinesq limit, waves SG− (leftward) and SG+ (rightward) are
simply treated as gravity waves (here SG denotes shear–gravity waves), ignoring the effect
of the constant shear. However, in a fully non-Boussinesq setting the two gravity waves can
feel the effect of shear due to density variation across the interface, even though the base
shear remains constant across the density interface. In such a system, we refer them shear–
gravity waves, thereby treating shear at par with gravity. This is because the waves could be
sustained independently both by shear as well as by gravity, in presence of a density jump.
It was shown by Lawrence, Browand, and Redekopp 34 for Boussinesq Holmboe instability
that Holmboe modes exist for J > 0.07, in this case there exists 2 pairs of complex conjugate
roots - one of which exits due to an interaction between wave V− and wave SG+, while the
other one is due to an interaction between wave V+ and wave SG−. However, for J < 0.07,
the instability modes are termed as Kelvin-Helmholtz (KH) modes with a reasoning that
the instability has no phase speed of propagation (i.e. roots are imaginary). Apart from
looking at the dispersion relation, the difference between KH mode and Holmboe mode can
also be explained by the physical understanding of the Richardson number. Richardson
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number can be seen as the ratio of buoyant forces and the shear forces in a flow. This means
that at lower J , the buoyant forces are sub-dominant and the role of vorticity waves in the
instability prevails over the role of vorticity waves. Further, the case of J → 0 is treated
as the case of At → 0 and thus, at lower J , the flow approaches the classical (unstratified)
Rayleigh shear profile. However, we find that in a non-Boussinesq flow, this might not be
the case. We expect that when the flow is shear dominated, the flow will behave more like
the flow described in Sec. IV, which effectively means that also at higher Froude numbers,
the instability may not be dominated by an interaction between two vorticity waves V+
and V−, despite buoyancy effects being minimal. According to our analysis, the underlying
reason is as follows - the shear–gravity wave SG− tends to behave like shear–density wave
SD− at higher Froude numbers (which is evident from the dispersion relation Eq. (2.24),
whereas the speed of the other wave SG+ starts going towards zero, which is evident from
the dispersion relation of isolated shear–gravity waves (see Eq. (2.23)). Therefore, at higher
Froude numbers and Atwood numbers, even for low buoyant forces, the instability will be
dominated by the interaction between waves SG− and V+. We plot the growth rate contours
for a non-Boussinesq Holmboe instability for different Froude numbers (Fig. 8). From the
figures, we can validate that for the non-Boussinesq Holmboe modes, the symmetry between
rightward and leftward propagating Holmboe breaks down32. At higher Atwood numbers
(especially Fig. 8(a)), this leads to two distinct regions of instability because the left Holmboe
and the right Holmboe gets separated. As mentioned previously, the phase speed of SG−
increases with an increase in the shear and hence it becomes easier for SG− to lock in phase
with V+, while on the other hand, the phase speed of SG+ goes towards zero making the
interaction between V− and SG+ weaker. Since it’s not directly inferable from the Fig.
8 which region belongs to which interaction, we have again eliminated wave V− and V+
respectively, one at a time.
As can be seen from Fig. 9(a), an increase in Fr after the removal of wave V− leads to
a gradual increase in the growth rate. However from Fig. 9(b) it can be seen that in the
absence of V+, increase in Fr causes decrease in the maximum growth rate. Therefore, we
conclude that interaction between the waves SG+ and V− is enhanced by the shear while
the interaction between the waves SG− and V+ is suppressed by the shear.
From Fig. 8 it can also be observed that as Fr increases, the contours tend to behave
similar to the pure KHI case in the absence of gravity (see Fig. 5). As already mentioned
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FIG. 8: At–α plot showing non-dimensionalised growth rate (γ/(U/H)) contours for
non-Boussinesq Holmboe configuration for different Fr.
in Sec. IV, this does not necessarily mean that the interaction is between the two vorticity
waves i.e. V+ and V−.
V. UNSTABLE STRATIFICATION – RAYLEIGH-TAYLOR INSTABILITY
IN PRESENCE OF SHEAR
Rayleigh–Taylor instability (RTI) is a familiar gravity driven flow phenomenon observed
when a fluid of density ρ1 rests on the top of a lighter one
35 of density ρ2 . In RTI with
gravity g > 0, the system is unstable for all Atwood number36, At ≡ (ρ1− ρ2)/(ρ1 + ρ2) > 0
and for all wavenumber, k.
The objective of this section is to study the effect of shear on a buoyancy interface with
an adverse density stratification from the wave interactions perspective. We note here in
passing that in the existing literature, wave interactions perspective has mainly remained
restricted to stably stratified shear flows. Previous studies on the effect of shear on RTI
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(b)
FIG. 9: At–α plot showing growth rate contours for non-Boussinesq Holmboe configuration
for different Fr after (a) eliminating the wave V− (b) eliminating the wave V+. The Froude
number (Fr) and the maximum growth rate (γmax) is given in the title for each subplot.
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embedded in a shear layer forming a three interface system.
reveal contradictory results. Kuo 37 showed that in presence of a uniform shear, RTI is
inhibited. In another study by Guzdar et al. 38 , which used a continuous velocity profile
for shear, it was also concluded that the RTI growth rate is inhibited by the application of
shear. However, treating shear as a discrete velocity jump across the density interface, it was
shown by Zhang, Wu, and Li 39 that the presence of shear destabilizes the instability even
further. Benilov, Naulin, and Rasmussen 40 argued that a uniform shear might stabilize RTI
but any deviation from a uniform shear again ‘re-destabilizes’ the flow. To have a better
understanding of the effect on shear on RTI, we make use of the broken line velocity profile
which would help in underpinning the cause of the instabilities in terms of localized wave
interactions. We initially assume nothing but a uniform shear across a buoyancy interface
(Fig. 10(a)) and then we make the setting more realistic by assuming a finite shear layer (Fig.
10(b)). As discussed in the previous sections, when background velocity profile is of shear
layer type, two more interfacial waves i.e. the vorticity waves V+ and V− are introduced.
These waves can interact to yield new instabilities, a possibility which we have also explored.
A. RTI with a uniform shear
In the presence of a uniform shear Q across an adversely stratified buoyancy interface,
the dispersion relation in the polynomial form is given by
ω2 −
(
ρ1 − ρ2
ρ1 + ρ2
)
Qω + gk
(
ρ1 − ρ2
ρ1 + ρ2
)
= 0, (5.32)
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from which we obtain (after using the definition of At)
ω =
AtQ
2
±
√(
AtQ
2
)2
− Atgk. (5.33)
Apart from the sign difference of At, the above equation is similar to (2.24). It is evident from
the above relation that the presence of a uniform shear Q always causes a suppression of the
growth rate for a single interface system, and this effect is prominent at lower wavenumbers.
The growth rates have been plotted in Fig. 11. The value of shear (characterized by Froude
number, Fr ≡ Q/√g/H) has been varied; it is observed that increasing the shear increases
the stable region in the At − kH parameter space. In the absence of any length scale,
there is no physical significance of ‘H’ and it can be chosen arbitrarily. Perhaps the most
important and non-intuitive result that we find exclusively when not making the Boussinesq
approximation is the variation of growth rate with At. The growth rate no longer remains
monotonic owing to the additional presence of At in the shear term. This is because of the
fact that the stabilizing effect of shear in RTI increases with an increase of density difference
between the top and the bottom layer. Thus, the instability, which is driven by the density
difference in the ‘gravitational term’, is also suppressed by the density difference in the ‘shear
term’. Further, it can be easily shown that for a given ‘k’ and Q, the maximum growth rate
is obtained at At = 2gk/Q
2, and further increasing the At decreases the growth rate.
It can be noted from Eq. (5.32) that for ρ1 > ρ2, the product of the roots is positive;
hence if both of the roots are real, then they must be of the same sign. Physically this
means that for sufficiently lower wavenumbers for which the system is stable, we obtain
two stable waves propagating in the same direction. For a positive Q, which is the case
in this particular example, both of the waves (at lower wavenumbers) will be positively
propagating. The slower of these waves is denoted by SG+S and the faster one is denoted
by SG+F . In this case, these two waves are shear–gravity waves. The waves obtained in this
section should not be mistaken as interfacial gravity waves (which would have propagated in
opposite directions) since stratification being adverse, gravity cannot provide the restoring
force. Thus, the driving force for these waves has to be provided by the shear and the density
jump while gravity only has a destabilizing role.
The uniform shear velocity profile (velocity having constant slope) considered here may
be too simplistic for many realistic systems, where the characteristics of shear is usually
captured by a ‘shear layer’. The latter will be focused in the next subsection. Nevertheless,
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FIG. 11: Stability diagram showing non-dimensional growth rate γ/
√
g/H variation in the
At − kH plane for (a) Fr = 0 (b) Fr = 1 (c) Fr = 2 (d) Fr = 3. Here ‘H’ is an arbitrarily
chosen length scale.
velocity profile of constant slope is encountered in rotating inviscid fluids41. The uniform
shear set-up mathematically resembles that of Tao et al. 41 in many aspects, where the
authors study the effect of rotation on RTI, the axis of rotation being normal to the direction
of acceleration of the interface. The dynamic boundary condition in our case, i.e. (2.19),
is similar to that obtained by Tao et al. 41 in the context of rotating fluids (see their Eq.
(4)), where ‘Ωψ’ like term appears due to Coriolis effects. Therefore, the observation in Tao
et al. 41 that Coriolis force diminishes RTI growth rate is in line with the result that uniform
shear inhibits RTI.
B. RTI within a shear layer
Here we extend the setting studied in the previous subsection to have an unstable density
interface sandwiched inside a ‘shear layer’, see Fig. 10(b). This set-up resembles the Holmboe
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FIG. 12: Stability diagram for RTI embedded in a shear layer. Two distinct instability
regions are observed for high Fr, the right one being RTI while the left one is a shear
instability.
instability set-up (which has already been discussed in Sec. IV B), except that now the
density interface has an unstable stratification. The system is described as follows:
ρ¯(z) =
 ρ1 0 < zρ2 z < 0 q¯(z) =

0 H < z
Q −H < z < H
0 z < −H.
(5.34)
This system is inherently different from the Sec. V A. This is because here multiple inter-
faces are present; each interface can support one or more waves (Fig. 10(b)), which implies
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that waves present at different interfaces can interact among themselves and lead to shear
instability. Here, the waves V+ and V− are vorticity waves whereas, waves ‘SG+S ’ (the slower
wave) and ‘SG+F ’ (the faster wave), are the shear–gravity waves. Since there are 4 waves
present in the system, the dispersion relation will naturally be a 4th order polynomial in ω.
To obtain this we proceed in the same way as we did in Sec. II - we introduce velocity po-
tentials in each of the four regions and then use six kinematic and three dynamic boundary
conditions. The dispersion relation in the non-dimensionalized form can be written as
ω˜4 + C3ω˜
3 + C2ω˜
2 + C1ω˜ + C0 = 0, (5.35)
Here ω˜ ≡ ω/(√g/H) and
C3 = −2FrAt tanhα(tanhα + 1)−1; C2 = Fr2[α− α2 − tanhα(tanhα + 1)−2] + αAt;
C1 = Fr
3At[α− tanhα(tanhα + 1)−1]2; C0 = −αFr−1C1;
where α ≡ kH. The non-dimensional growth rate (γ/√g/H) has been plotted w.r.t. kH in
Fig. 12 for different values of Fr. Two distinct instability regions are observed for higher
Fr values - the right region of instability corresponds to RTI at z = 0 due to the adverse
buoyancy, and the left region is the shear instability region arising from two interacting pairs-
(i) V− and V+ (ii) V− and SG+F . This region of shear instability is very similar to that in
Sec. IV, in which we showed that these two waves form a counter-propagating configuration.
Again, to conclusively separate the two instability modes in the set-up under consideration,
we remove one of the vorticity waves at a time and see the consequence as we did in Sec.
IV. First, we remove wave V− by using the following density and shear profiles:
ρ¯(z) =
 ρ1 0 < zρ2 z < 0 q¯(z) =

Q H < z
Q −H < z < H
0 z < −H
(5.36)
Since the jump in base shear is eliminated at z = H, the vorticity wave V− disappears.
From Fig. 13(a) we see that removing wave V− completely removes the region of shear
instability. This shows that V− plays a major role in the instability mechanism. Next, we
eliminate wave V+ ( V− being present) by eliminating the shear jump at z = −H, i.e. using
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FIG. 13: Stability diagram plot for Fr = 4, (a) in the absence of wave V− (b) in the
absence of wave V+.
the following profile:
ρ(z) =
 ρ1 0 < zρ2 z < 0 q¯(z) =

0 H < z
Q −H < z < H
Q z < −H.
(5.37)
The corresponding growth rate plot in Fig. 13(b) shows very little difference with Fig. 12(e),
where wave V+ was present. The only small difference appearing at smaller values of kH
and at smaller At is attributed to the presence of KHI in Fig. 12(e), which results from the
interaction between waves V− and V+. We therefore conclude that a major role in such a
shear instability is played by the waves V− and SG+F rather than the two vorticity waves
alone. Further, we conclude that both a uniform shear as well as a shear layer stabilize
the Rayleigh–Taylor instability. However, presence of a shear layer allows the existence of
two vorticity waves, which interact with a stable wave on the density interface and with
themselves to give rise to a shear instability.
VI. SUMMARY AND CONCLUSIONS
In this paper we have investigated the effects of density variation on both the inertial and
gravity terms of the governing Navier-Stokes equations.To understand under what circum-
stances density variation can (or cannot) affect the inertial terms, we revisit the celebrated
Boussinesq approximation. To this effect, instead of working with the momentum equations
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(which is a common practice), we have scrutinized the vorticity evolution equation, Eq.
(2.3). In the presence of moderate or large background shear, the Boussinesq approximation
is applicable only to the flows with small density variations, i.e.
At  O(1).
However, when the background shear is weak, the conditions for the validity of the Boussi-
nesq approximation reads
either At  O (1) or Fr2c  O(1),
where Frc = c/
√
gH is a Froude number based on the ratio of the phase speed to the long
wave speed. The second clause implies that a flow with At = 1 can also be Boussinesq
(provided shear is small), a finding contrary to the common notion that the Boussinesq
approximation is only applicable to flows with small density variations. Our finding reveals
that deep water surface gravity waves are Boussinesq; the Boussinesq approximation is valid
even when background shear is present, provided it is weak. However, shallow water surface
waves do not satisfy Fr2c  O(1), and hence are non-Boussinesq. These findings can have
important consequences in modeling surface wave propagation as well as air-sea interactions.
After broadening the applicability of the classical Boussinesq approximation, we have
explored the existence of different kinds of interfacial waves that can be sustained in non-
Boussinesq shear flows, and the ensuing instabilities owing to their resonant interactions.
Using potential flow theory we showed that a neutral wave can exist in the absence of a
shear jump and without the need of gravity (the “shear–density” wave). Similar waves were
also reported by Behzad and Ashgriz 4 . The variation in ρ¯q¯ is shown to be a necessary and
sufficient condition for the existence of such ‘non-gravity’ waves in stratified shear flows.
A main objective of this work has been to make a proper distinction between density strat-
ification and buoyancy stratification. Since Boussinesq flows are commonly studied, density
stratification and buoyancy stratification are often assumed synonymous. The distinction
becomes clearer in non-Boussinesq flows, and our work is an attempt in this direction. In
order to study the effect of an imposed shear layer on a density interface, three broad cat-
egories were formed: (A) neutrally stable density interface (g = 0), (B) stably stratified
density interface and (C) unstably stratified density interface. For case (A), we first studied
a triangular jet profile (formed when a fluid of a given density flows through a quiescent
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ambient fluid of different density). We understood this instability in terms of resonant in-
teractions between shear–density and vorticity waves. The most significant observation here
was that increasing the density of the jet destabilizes the flow. Next we studied the Kelvin-
Helmholtz instability and showed that in non-Boussinesq flows, it is basically the result of
interactions between vorticity and shear–density waves. The interaction between two vor-
ticity waves, as commonly known in homogeneous or Boussinesq flows, is only prominent
at lower At. For the case (B), we studied non-Boussinesq Holmboe instability and showed
that due to the non-Boussinesq effects growth of one of the Holmboe modes is hindered as
shear is increased, while the growth rate of the other Holmboe mode increases. Ultimately,
in the very high Fr regime, the system is mainly governed by an instability between the
shear–density wave and the vorticity wave traveling opposite to it. Finally for the case (C),
we studied the effect of shear on Rayleigh-Taylor instability (RTI). We found that not only
shear stabilizes RTI, but counter-intuitively, even increasing At might also stabilize RTI.
Furthermore, if the shear is strong enough to stabilize RTI, two neutrally propagating waves
are obtained on the density interface which propagate in the same direction. The imposed
shear, if part of a shear layer, can lead to a shear instability, which we show to be produced
similar to the interaction between a vorticity wave and a shear–density wave.
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Appendix A: Derivation of dynamic boundary condition in presence of
piecewise background shear
The inviscid Navier-Stokes equation within the bulk of a fluid of constant density ρ is
ρ
[
∂u
∂t
+
1
2
∇(u · u)− u× (∇× u)
]
= −∇p−∇(ρgz). (1.1)
Using the fact that there is no base vorticity generation in the bulk, we have ∇ × u =
∇× u¯=Qjˆ, where Q is constant for each layer. Besides we use
u× (Qjˆ) = Q∇ψ = ∇(Qψ). (1.2)
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Substituting (1.2) in (1.1) and removing the mean flow part, we are left with
ρ
[
∂u′
∂t
+
1
2
∇(u′ · u′) +∇(u¯ · u′)−∇(Qψ′)
]
= −∇p′ −∇(ρgη). (1.3)
Since the perturbed flow is irrotational, we introduce u′ = ∇φ′. Moreover, since density is
constant within each layer, we obtain
∇
[
ρ
(
∂φ′
∂t
+
1
2
∇φ′ · ∇φ′ + u¯ · ∇φ′ −Qψ′ + gη
)
+ p′
]
= 0. (1.4)
Since this is true for any arbitrary curve inside the domain, we have on integration
ρ
(
∂φ′
∂t
+
1
2
∇φ′ · ∇φ′ + u¯ · ∇φ′ −Qψ′ + gη
)
+ p′ = c, (1.5)
where c is an arbitrary function of time, which turns out to be zero in order to satisfy the
unperturbed far-field condition. Thus, equating the pressure just above and just below the
interface z = η(x, t), at which the base flow velocity is u¯ = Uiˆ, and furthermore, dropping
the nonlinear terms and primes (′), we obtain
ρ1
(
∂φ1
∂t
+ U
∂φ1
∂x
−Q1ψ + gη
)
= ρ2
(
∂φ2
∂t
+ U
∂φ2
∂x
−Q2ψ + gη
)
. (1.6)
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